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Abstract. Any cluster-tilted algebra is the relation extension of a 
tilted algebra. We present a method to, given the distribution of a 
cluster-tilting object in the Auslander-Reiten quiver of the cluster cate- 
gory, construct all tilted algebras whose relation extension is the endo- 
morphism ring of this cluster-tilting object. 



1. Introduction 

The cluster categories of finite dimensional hereditary algebras H were 
introduced in jBMRRT] in order to give a categorical model to better un- 
derstand the cluster algebras of Fomin and Zelevinsky [FZj . The theory 
of cluster-tilted algebras was initiated in [BMRlj . and the first link from 
cluster algebras to tilting theory was given in [MRZ] . 

There is a close connection between tilted algebras and cluster-tilted alge- 
bras (see Section [2] for definitions and notation) . One such connection is the 
following: From the quiver of a tilted algebra one can obtain the quiver of 
a cluster-tilted algebra by adding arrows where there are minimal relations 
(this was proved for some cases in |BRj and [BRSj . and in full generality 
in |ABS1] ). In this paper we explore the opposite problem, i.e. to remove 
arrows from the quiver of a cluster-tilted algebra in such a way that the 
resulting quiver is the quiver of a tilted algebra. 

More precisely, by |ABSH 1.1] any cluster-tilted algebra is the relation 
extension of some tilted algebra. Given a cluster-tilted algebra we wish to 
find all tilted algebras which have the given cluster-tilted algebra as rela- 
tion extension. We will call these tilted algebras maximal tilted subalgebras 
of the cluster-tilted algebra. For an arbitrary cluster-tilted algebra, given 
the distribution of a corresponding cluster-tilting object in the Auslander- 
Reiten quiver of the cluster category, we present an algorithm to construct 
all maximal tilted subalgebras. 

Note that, by |BMR2j and |CCSj . all quivers of cluster-tilted algebras 
are constructed by quiver mutation from acyclic quivers. In the case of a 
cluster-tilted algebra of finite type, in [B0QW| the authors show explicitly 
how to determine the distribution of the corresponding cluster-tilting object 
in the cluster category. So in this way we can construct the input of our 
algorithm. 

Our construction consists of the following two main steps: 
First we use local slices to lift the cluster-tilting object to a tilting com- 
plex in the derived category. The theory of local slices was introduced 
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in [ABS2j as a way to decide whether two tilted algebras have the same 
relation-extension algebra. The maximal tilted subalgebras are precisely 
the endomorphism rings of these tilting complexes. We show that there are 
certain equivalence classes of local slices which produce the same maximal 
tilted subalgebras. Moreover we can move from one equivalence class to 
another (transitively) by "jumping trenches" (see Construction 13. 15|) . 

Second we use generalized 2- APR tilts to keep track of the maximal tilted 
algebras coming up for the various equivalence classes of local slices. The 
procedure of n-APR tilting was introduced in [10] as a generalization of 
APR tilting (see [APR] ) in order to generate module categories that have a 
cluster-tilting object. For n = 2 the effect of this operation on the quivers 
and relations of the algebras is completely understood. Here we generalize 
2- APR tilting to complexes in the derived category, and show that jumping 
trenches is a special case of this generalization. Hence we obtain control 
over the quivers and relations of the algebras produced in this way. 

The paper is organized as follows: 

In Section [2] we will recall some basic results on mutation of quivers, 
cluster categories, cluster-tilted algebras of finite type and their relations. 

In Sections [3] and H] we develop the theory for the two steps described 
above. 

In Section O we sum up the algorithm to find all the maximal tilted 
subalgebras of a given cluster-tilted algebra and illustrate it with an example. 

Finally, in Section [B] we sketch how to apply the algorithm for cluster- 
tilted algebras of infinite type. 

After completing this work we have been informed that similar results 
have been obtained independently by Bordino, Fernandez, and Trepode 

(HETl). 

2. Background 

2.1. Quiver mutation. Let Q be a finite quiver with no loops or 2-cycles 
and k a vertex. To mutate at the vertex k and obtain the quiver fik{Q) we 
do the following. 

• Suppose there are r > arrows i ^ k, s > arrows k ^ j and t 
arrows j ^ i in Q, where a negative number of arrows means arrows 
in the opposite direction. Then there are r arrows k ^ i, s arrows 
j ^ k and t — rs arrows j — > i in fikiQ)- 

• All other arrows are kept the same. 

We say that Q and iJ.k{Q) are mutation equivalent. Observe that fJ-liQ) = 
Q. The collection of all quivers that are mutation equivalent to Q is called 
the mutation class of Q. It can be easily seen that this definition is a special 
case of matrix mutation, as it appears in the definition of cluster algebras 

2.2. Cluster categories and cluster-tilted algebras. Let K be an al- 
gebraically closed field and H a connected hereditary finite dimensional K- 
algebra (which we will only call hereditary algebra for the rest of the paper). 
Any such algebra H is Morita equivalent to a path algebra KQ for some finite 
quiver Q. An ff-module T is called a tilting module if satisfies the following 
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two requirements: F,xtff{T,T) = and the number of non- isomorphic inde- 
composable direct summands of T is equal to the number of non-isomorphic 
simple modules in modi?. The endomorphism algebra End//(r)°P is called 
a tilted algebra (see [HR] for further details). 

Let D = D^{m.odH) be the bounded derived category. It comes equipped 
with two automorphisms, the shift functor [1] : I? — > D and the Nakayama 
functor u = — DH where D denotes the duality on mod H with respect 
to the base field IK (see |Ha | ) • Then one defines the Auslander-Reiten trans- 
lation r = 1]:2? — > D. Consider the automorphism F = t^^[1] of P 
and define the cluster category C = Ch as the orbit category V/F. The 
objects of C are the objects of V, while Iiomc{A, B) = ©j Homx)(j4, 
(see jBMRRT] for more details). 

An object T of C is called a (cluster-) tilting object if Ext^(T, T) = and T 
is maximal with respect to this property, i.e. if Ext^(r©X, r©X) = 0, then 
X is a direct summand of a direct sum of copies of T. The endomorphism 
algebra Endc(r)°P of a tilting object T is called a cluster-tilted algebra. 

Let B = Endc(r)°P be a cluster-tilted algebra with C = Ch the cluster 
category of some hereditary algebra H, and T a tilting object in C. We 
then have that B is of finite representation type if and only if H is of finite 
representation type [BM Rl] . In this case H is the path algebra of a Dynkin 
quiver Q, and the underlying graph A of Q is one of {An, Dm, Eq, Ej, Eg} 
for n > 1 and m > 4. We say that B is cluster-tilted of type A. 

We now present a useful theorem from [BMRlJ. 

Theorem 2.1 ( |BMRH 2.2]). Let T be a tilting object in C. The func- 
tor Homc(r, — ) : C — > modEndc(T)°P induces an equivalence C/ add (rT) ~ 
modEndc(T')°P. This functor commutes with the AR-translate in both cat- 
egories and sends AR-triangles to AR-sequences. 

2.3. Cluster-tilted algebras and trivial extensions. Let C be a finite 
dimensional algebra of global dimension at most two and consider the C — C- 
bimodule Ext^(Z)C, C). We caU the trivial extension C x Ext^(DC, C) the 
relation- extension of C. This definition plays a very important role in the 
theory of cluster-tilted algebras, as the following theorem shows. 

Theorem 2.2 ([ABSl', 3.4]). An algebra B is cluster-tilted if and only if 
there exists a tilted algebra C such that B is the relation- extension of C. 

Let i? be a cluster-tilted algebra. From [BMRRTl 3.3] we know that 
there exists a hereditary algebra H and a tilting ii-module T' such that 
B = Endc(T')°P, where C is the cluster category of H and T is the tilting 
object induced by T' , i.e. T is the image of T' under the natural embed- 
ding i: mod-fT — > C. Consider now the tilted algebra C = End//(T')°P. 
Then we have that B ~ EndniT'^P x Homx,(r', FT') (O proof of 3.1]). 
Now for the proof of the Theorem 12.21 above, observe that Ext^(DC, C) ~ 
Hom2?(T',FT'). 

Let 5* be a subset of the arrows of Qb, the quiver B. As in [BRS] we call 
the set S admissibl^ if S contains exactly one arrow from each full oriented 
cycle, and no other arrows. Recall that an oriented cycle in a quiver is called 
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full if there are no repeated vertices and if the subquiver generated by the 
cycle contains no further arrows. 

3. Cluster-tilted algebras and local slices 

In this section we discuss the theory of local slices, which lies behind our 
procedure to find all the maximal tilted subalgebras C of a given cluster- 
tilted algebra B, where maximal means that C K Ext"^ {DC, C) = B. 

Let Q = (Qo;Qi) be a quiver without oriented cycles and C = Cq its 
cluster category. We fix a cluster-tilting object T = (BaTa in C, where 
each Ta is indecomposable for every a £ Qq. Then we have the cluster- 
tilted algebra B = Endc(T')°P and the induced decomposition B = ®aBa in 
indecomposable projective S-modules. 

Recall that a path a; = xq — > a^i ^ . . . ^ = y in Fc is sectional if, for 
each i with < i < t, we have rx^+i ^ xi^i. 

Definition 3.1. A local slice in C is a full subquiver S of Tc such that: 
(a) if X e So and x ^ ?/ is an arrow, then either y G Sq or ry € Sq. 
(h) if y S Eq and x — > y is an arrow, then either x G Sq or r~^x G Sq. 

(c) Ti is sectionally convex, i.e. if x = xq — > xi ^ . . . ^ xj = y is a 
sectional path in Tc, such that x,y G Sq, then Xj G for all i. 

(d) |So| = IQol- 

By abuse of notation we will sometimes view S as a set of indecomposable 
objects, and sometimes as the subcategory consisting of all finite direct sums 
of these indecomposables. 

Remark. Let S be a local slice in C and T a cluster-tilting object such that 
S n addc (tT) = 0. In this case, we say that S is a local slice in C \ add(rr). 
Then, if 7r:C mod-B is the projection functor, we have that 7r(S) is a 
local slice in modS in the sense of |ABS2l 11]. On the other hand, if S' is 
a local slice in modS, then 7r~-^(S') is in add(S © tT), where S is a local 
slice in C. It is not hard to see that we have a bijection between the local 
slices in C \ add(rr) and the set of local slices in modi?. We will identify 
the two. 

For the rest of this section, we assume the quiver Q to be Dynkin. In 
this case, we can read off the morphism and extension spaces of the inde- 
composable objects from the AR-quiver F^. Furthermore, we can explicitly 
calculate the distribution of T in Fc by using the methods developed in 
[B0OW| . Hence we also assume this distribution to be known. It is there- 
fore easier to illustrate the theory in this case. Later in § [6l we will explain 
how to generalize the theory for the infinite case. 

We now recall some results from |ABS2] which will be useful for our 
purposes. 

Theorem 3.2. |ABS21 19] Let C he a suhalgehra of the cluster-tilted algebra 
B. The algebra C is maximal tilted if and only if there exists a local slice S 
in modi? such that C = B j Ann^ S. 

Corollary 3.3. [ABS21 20] Let C be a tilted algebra and B its relation 
extension. Then any complete slice in modC embeds as a local slice in 
modi?, and any local slice in modi? arises this way. 
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Given a local slice S in mod B, the ideal Anns S is generated by a subset 
S of the set of arrows of the quiver of B ( \ABS2\ 21]). In fact, Ann^ S ~ 
ExtQ{DC, C), where C = B/ Ann^ S. We cah this admissible set S a tilted 
admissible set. Observe that the arrows that belong to S are obtained from 
the oriented cycles of Qb- From \BIi\ 3.7] we know that each of these arrows 
belongs to exactly one full oriented cycle of Qb- It follows from Theorem l3.2l 
that we have a bijection between the tilted admissible subsets of the set of 
arrows of Qb and the maximal tilted subalgebras of B. 

We want to give a procedure for finding these tilted admissible subsets. 

Definition 3.4. Let X, Y be objects in a triangulated category A. Define 
I{X, Y) to be the set of all the indecomposable objects Z in A such that 
there exist morphisms X ^ Z ^ Y with non-zero composition. 

These sets of objects will be very useful in order to compute the generating 
arrows of Ann^ S, where S is local slice, by using the following theorem. 

Theorem 3.5. Let b ^ a be an arrow of Qb, the quiver of B = Endc(T)°P, 
where T is a cluster-tilting object in C. Let Ti be a local slice in modB and 
S the tilted admissible set generating Ann^ S. Then we have the following: 

(a) The set TL{Ta,Ti,) \ {TTa,TTb} ^ 1) if and only if b ^ a lies on an 
oriented cycle. 

(b) The arrow b ^ a belongs to S if and only if Tl{Ta,Tb) fl S 7^ 0. 
Proof. 

(a) First assume that b ^ a lies on an oriented cycle. It is enough to 
show that L{Ta,Th) \ {Ta,Th} 7^ 0. Recall that the relations of B 
are given by a potential ( [BIRSml 5.11],[Kt 6. 12]). Thus the arrow 
b ^ a belongs to at least one term in the potential. Choose from 
one of these terms, a path p from a to b. Thus we have an associated 
oriented cycle and we proceed by induction on the length / of the 
cycle. For I = 3 we have the following diagrams in the quiver and in 
C: 




Now mutate at c to obtain: 




Thus Tc* is in L{Ta,Ti,) \ {Tq, T^} since the composition Ta —<■ Tc* — > 
Tf) is non-zero. Now for a cycle 6 — > a ^ ci ■ ■ ■ ^ Cm ^ b, mutate 
at Cm to shorten the length of the oriented cycle by one and just 
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restrict to the new oriented cycle as in the fohowing diagram 
b ^ a h 



Cl 



m— 1 •< ■ 



C2 



Cm-1 ■<■ 



C2 



Repeat the procedure until you get to the first case. 

Now assume that there exists 7^ tX G Tl{Ta,Th) \ {rTajTTh}. 
Resolve X in terms of T to obtain a triangle X ^ Tq — > Ti — > X[l] 
where Tq,Ti G addT. Let f-.Ta^T^he the morphism correspond- 
ing to the arrow b ^ a. The claim follows if we show that there exists 
a minimal relation involving /. Using the triangle above, and the 
fact that / factors through X, we have the following commutative 
diagram 

X ► n © ► Tc © T{ 

where p 7^ 0, Tq = Tf, © Tg and Ti = Tc® T{, for an indecomposable 
summand Tc of T. Since the composition (^f) (^) is zero, we obtain 
that pf+qg = 0. Note that there is no term of the form pf appearing 
in qg, because the approximations of the triangle are minimal. Hence 
we have a minimal relation pf + qg = 0. 
(b) Assume b ^ a belongs to S. Since S generates Ann^ S this is equiv- 
alent to 6 ^ a G Anns S. We call the map Tq — > T^ corresponding to 
this arrow /. Then b ^ a (z Ann^ S if and only if Homc(/, S) = 0. 

By (the opposite version of) Theorem 12.11 applied to the cluster- 
tilting object S we have an equivalence 

Homc(-,S): C/(t~S) ^ modEndc(S). 

In particular Homc(/, S) = if and only if / factors through some 
object in t~S, say through X. Then clearly tX G Tl{Ta,Th) n S, 
and hence the set is non-empty. If Tl{Ta,Th) n S 7^ the map r/ 
factors through S, and thus / factors through r^S. 

□ 

We now give an example illustrating that, in order to produce tilted al- 
gebras, the arrows belonging to a tilted admissible set can not be chosen at 
random. 

Example 3.6. Let B be the cluster-tilted algebra obtained from shown 
below, and C the subalgebra of B obtained by removing S' = {1— >2,3— >4}. 
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Here C is not tilted. In fact gl. dim C = 3, and C is iterated tilted of type 



In the light of the previous example, we have the following definitions. 
Let 6— >a,c^d be in S where S is an admissible set m. Qb- We say that 
6 — > a and c ^ d are compatible if there exists a local slice S in C \ add(rT) 
such that S n Tl{Ta, Ti,) and S n tI(Tc, Td) are both non-empty. Otherwise 
we say that the arrows are not compatible. The span of 5 —> a is defined to 
be the set of indecomposable modules X in C such that there exists a local 
slice E in C \ add(rT), with X € S and S n Tl{Ta,Tb) / 0. We denote it by 
span(6 — > a). Denote by span(S') = flfe^a in 5 span(6 a). Thus we have 
the following. 

Proposition 3.7. Let B = Endc(T)°P be a cluster-tilted algebra. An ad- 
missible set S is tilted if and only if there exists a local slice T, G C\add(TT) 
contained in span(S'). 

Proof. Assume that S is tilted. Then there exists a local slice S such that 
Anns S is generated by S. Let 6 — > a be in S*. By Theorem 13.51 (b) we have 
that S n Tl(Ta,Tf,) ^ 0, and thus S C span(6 — > a). Since this is true for 
every arrow of S, we conclude that S C span(S'). 

Assume now that S is a local slice in C\add(TT) contained in span(S'). For 
every 6 a in 5 we have that S C span(5 —f a) and thus Snr/(ra, T^) ^ 0, 
by the definition of span(6 a). Let S' be the generating set of Ann^ T,. 
Then by Theorem 13.51 (b) we have that S C S' , but since both sets are 
admissible, they must be equal. Thus S is tilted. □ 

For C = Cq and Q Dynkin, the Hom-spaces can easily be read off from 
the AR-quiver, and it is not difficult to compute the sets I{X, Y) for X, Y 
objects in C and the span of an admissible set S. 

Example 3.8. Let B be the cluster-tilted algebra of type Dr, from Ex- 
ample 13.61 and consider the admissible sets S'i = {l— >2,3— >4} and 
S'2 = {2 ^ 4, 3 — > 4}. Let us check if they are tilted. We do the calcu- 
lations in the AR-quiver of the cluster category of D5. 



In the figure above, tKT^jT^) = {X} and tI{T2,Ti) = {^1,^2}. The set 
span(3 4) is shown in light grey, span(l 2) in darker grey and the set 
span(3 4) nspan(l 2) in dark grey. It is clear that there is no local slice 
in the intersection and hence the admissible set 5*1 is not tilted. Therefore 
the arrows 3^4 and 1^2 are not compatible. We already knew that 
is not tilted, since this admissible set produces the subalgebra C of in 
Example 13. 6[ 



A. 
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Next we consider 5*2. 




Here we have that tI{T4^,T^) = t/(T4,T2) = {X}. The set span(3 ^ 4) = 
span(2 — > 4) is shown in dark grey. There are two local slices contained 
in span(S'2) and thus ^2 is tilted and the arrows 3 — 4 and 2 — 4 are 
compatible. Observe that both local slices share the same annihilator. 

As the example above shows, there may be many local slices whose an- 
nihilator is generated by the same tilted admissible set S. We will now 
define an equivalence relation on the set of local slices such that two local 
slices belong to the same equivalence class if and only if they share the same 
annihilator. 

Definition 3.9. Let S be a local slice in modi? and X an indecomposable 
object in S. Define r^S = (E \ X) U tX. Similarly, we define r^S = 

{E\X)Ut-X. 

It is not difficult to see that t^S is a local slice in uiodB if and only if 
tX is defined and X is a sink when restricted to S. Equivalently, r^S is a 
local slice in C \ add(rr) if and only if tX ^ add(rr) and X is a sink when 
restricted to S. There is a dual remark for r^S. 

Definition 3.10. Let S and S' be two local slices in modi?. We write 
E ~ S' if there exists a sequence of indecomposable modules Xi, . . . , X^ 
such that Sj = is a local slice, Sq = = S' and X^ G for 

\ < i < m. In this case, we say that S is homotopic to S'. 

The symbol it means that one can choose either + or — in the sequence. 

Note that two local slices are homotopic if one can move from one to the 
other without passing through the "holes" of mod 5, i.e. the holes made by 
tT in the equivalence C/{tT) ~ laodB. 

We introduce the following notation for AR-triangles. If X is an inde- 
composable object in C, we have two AR-trianglcs associated to X: 

X i9-X T'X and tX ^ 'dX X ^ 

where 'd~X and "dX just denote the middle term of the corresponding AR- 
triangle. 

We will now define an equivalence relation on the set of indecomposable 
summands of the cluster-tilting object T. 

Definition 3.11. Let Ta,Ti, be two non-isomorphic indecomposable sum- 
mands of T. We say that =i if there exists an AR-triangle tX 
•dX X ^ such that Ta, T;, are direct summands of tX © 'dX © X. Take 
= to be the minimal equivalence relation containing =i. We call the equiv- 
alence class [Ta] a cell and r[To] a trench. Then we have a partition of the 
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summands of T and we write T = (BkTk, where each is the sum of all the 
indecomposable summands belonging to the same cell. We call this the cell 
decomposition of T. 

Similarly, B and C inherit a cell decomposition, where C is any maximal 
tilted subalgebra of the cluster-tilted algebra B associated to T. 

At the level of quivers, we also inherit a cell decomposition. The cells of 
Qb are the full subquivers Q-Endc(fk)°p corresponding k. 

Let S be a local slice in C \ add(rT). A cell [Tq] is called a relative source 
with respect to S if whenever there is a non-zero morphism from the cell Tj 
to Tk for j ^ k we have that S n Tl{Tj,Tk) 7^ 0. Then we also call the cells 
and Cfc a relative source. 

Example 3.12. Let B be the cluster-tilted algebra of type from Exam- 
ple [3?6l Then a cluster-tilting object T = ©f^^Tj such that B = Endc(T)°P 
is given in the AR-quiver of the cluster category of Ds below. 



Here the dashed lines are identified. We then have three cells, given 
by [Ti] = Ti, [T2] = T2 © T3 and [T4] = T4 © T^. The three trenches are 
Xi = T[Ti] for i = 1,2,4. 

Let S be the local slice given by the grey area. Then we have that [T2] is 
a relative source with respect toS and [T4] is a relative sink with respect to 
S. The maximal tilted subalgebra C associated to S is given by 



whose cell decomposition is as indicated by the dots in the figure above. 

We now give a criterion for when two local slices give rise to the same 
maximal tilted subalgebra. 

Theorem 3.13. Let S and S' be two local slices in modi?. Then Ann^ S = 
Ann^ E' if and only ifY, ~ S'. 

Proof. Assume that Ann^ T, = Ann^ T,' and that S 9<^ T,'. Two such lo- 
cal slices cut the cluster category into at least two separate parts, each 
containing part of the trenches. More precisely, there exist trenches T[Ta] 
and t[T{,] such that any map between them factors through S © T,'. Let 
C = B/ Ann^ S be the tilted algebra corresponding to the local slice S. 
Since C is connected, we may choose Ta and as above in such a way that 
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there are non-zero homomorphisms between the corresponding indecompos- 
able projective modules of C. By Theorem l3.5l (b) we have T/(Ta, Tft)nS = 0. 
Then, by our choice of [Tq] and [T^], the map tTq — > rTf, has to factor 
through S'. Hence we have found an element of Ann^ E' \ Ann^ S, contra- 
dicting the assumption. 

Now assume that Ti ^ Ti' . Then we can move from one to the other 
without passing through any trench. This means that they must have the 
same trenches to the left and right, and thus kill the same arrows from Qb- 
Hence Ann^ S = Ann^ S'. □ 

This theorem shows that two local slices produce the same maximal tilted 
subalgebra of B if and only if both local slices belong to the same homotopy 
class. Hence we have proved the following. 

Corollary 3.14. There is a bijection between the set of homotopy classes 
of local slices in modi? and the set of maximal tilted subalgebras of B. 

We now want to be able to move from one equivalence class to the other 
by "jumping" trenches. We will work in C since in that category the trenches 
are physically there. All our local slices will not intersect add(rT) and thus 
will naturally descend to modS. 

Construction 3.15. Let X = T[Ta] be a trench in C. Define 

Lx = ind(rX i?X ^~i9X) \ ind(addX) 
Rx =ind(r-X i^'X M'X) \ ind(addA:). 

We claim that there exist local slices such that the only trench 

between them is X. To see this, use Lx and complete it to a local slice (one 
can, for instance, use the same algorithm as in the proof of [ABS2|, 23]). 
Now use the same completion with Rx- This works because Rx and Lx 
intersect at their end-points and their union surrounds X. 

Then we can define the following operations on local slices. For a local 
slice E with Lx C S and a local slice S' with Rx C S' we set 

J^S=(S\Lx)Ui?x 
J+S'=(S'\i?x)ULx. 

Note that J^J^T, = S and J^J^T,' = S'. Furthermore, if it is possible 
to apply or to two equivalent local slices, then the images will be 
equivalent again. 

One can always choose a representative of each equivalence class of local 
slices, such that one can apply J^. 

Notice that [Ta] is a relative source with respect to S and a relative sink 
with respect to S'. Thus J~ transforms relative sources into relative sinks 
and J"*" does the opposite. It is clear that with this procedure we run through 
all the equivalence classes of local slices, and thus through all the maximal 
tilted subalgebras of B. We now illustrate with an example. 
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Example 3.16. Let X = t[T2] = {tT2,tT3} be the trench as in Exam- 
ple [3121 

.<x 

Li tT2 Ri 



'\ / \ / \/ 

tTs Ts rTi Ti tTs 

I 

Here Lx = ®j=iLi and Rx = ®i=iRi- Let S be the completion of Lx to 
a local slice shown in light grey and S' the completion of Rx to a local 
slice shown in dark grey. Note that the completions are not unique. We 
have that J^S = S' and J^^' ~ ^- "^^^ trench X is a relative source with 
respect to S and a relative sink with respect to S'. Let C = B / Ann^ S and 
C = B/AnnB S'. 



C: 2 C 



Observe that these operations amount to exchanging the relations ending at 
the cell corresponding to the trench we jumped with arrows coming out of 
the cell, and the arrows coming in with relations. 

4. Generalized 2-APR tilting 

In this section we recall and generalize 2-APR tilting, which was originally 
introduced in [lOj . We then show that "jumping trenches", as introduced 
in Section [3l is a special case of this generalized 2-APR tilting. Finally we 
give an explicit description of the quiver and relations of the 2-APR tilted 
algebra in terms of the original algebra. 

APR tilting has been introduced by Auslander, Platzeck and Reiten in 
[SPE] : 

Assume C is a basic algebra, and C = Co © Cr where Cq is a simple 
projective C-module. Then T = r~Co Cr is a tilting module. If more- 
over the injective dimension id Co = 1, then the quiver of Endc(r)°P is 
obtained from the quiver of C by reversing all arrows ending in the vertex 
corresponding to Cq. 

The procedure of APR tilting was generalized in [IQ] . Here we are mostly 
interested in what is called 2-APR tilting in that paper. Instead of replacing 
Co by r~Co it is replaced by the complex r~Co[l] = -FCo (called r2~Co in 
that paper). Then, provided certain conditions are satisfied, the quiver with 
relations of the algebra Endc(T~Co[l] © Cij)°P can be read off directly from 
the quiver with relations of the algebra C (see Proposition 14.41 below) . 

Here we generalize that construction in two ways: 

First, we use the replacement FCq (constructed in the derived category) 
instead of the construction of T2 in the module category in [lOj . and allow 
the result to be a proper complex. 
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Second, we do not require Co to be simple. In fact we will wish to apply 
the procedure to all indecomposable summands in one cell at once. 

Definition 4.1. Let C be an algebra of global dimension two. Assume 
C = Co®Cr with Homc(CR,Co) = and Ext^(zyCij, Co) = 0. Then 
we call T := FCq © Cpt the 2- APR tilting complex associated to Co, and 
C = End£,6(jnodC)(^)°'' the generalized 2- APR tilt of C at Co. 

For the application in this paper C will be tilted, but it is not necessary 
to assume it to be tilted at this moment. 

This definition is justified by the following fact: 

Lemma 4.2. In the situation of Definition \4-l\ the complex T is a tilting 
complex in D^{modC). 

Proof. We start by showing 

(1) Homc7(Co, uCr) = = RomciuCR, Co). 

Since Homc(C/j, Co) = there are no arrows in the quiver of C from vertices 
corresponding to Cq to vertices corresponding to Cr. Hence all composition 
factors of Cq are in add(Co/ radCo), and all composition factors of i^Cr are 
in add(C/j/ rad Cr). In particular Cq and i'Cr have no common composition 
factors. This implies that ([1]) holds. 

Next we show that T generates the derived category. Let X € D^(modC) 
such that IIom£)6(jnQ^(^)(T, X[i]) = for all i £ Z. Then in particular 
Hom£)b(j^o(j^')(C/j, A'[i]) = for all i £ Z, and hence all composition factors 
of all homologies of X are in add(Co/ rad Co). Therefore X is isomorphic to 
a complex with terms in add Co. On the other hand 

Hom^6(j„odC')(Co,i/X[i]) = Hom^b(^odc')(FCo,X[i + 2]) = OVf G Z. 

Hence uX is isomorphic to a complex with terms in add z/Cr. Now 

Romj^b(^^adC)i^^^) = -^Hom£,(,(j^odc')(X, uX) = 0, 

and hence X = 0. So T generates L)^(modC). 

It remains to see that B.omjjb(^^g^Q^{T,T[i]) = for all z 7^ 0. Since Co 
and Cr are projective modules we have 

Hom£,b(jj,odC)(Co, Co\i]) = = Romijt^^^^c)iCR, ChW) = Vi / 0, 

and since F is an autoequivalence of D^(modC) also 

Hom^b(j^o(j(^) 

Next we see that 

Hom£,6(jj,odC)(^Co, CRi'i]) = Hom£,6(jj^odC)(Co, i^C'i?[^ - 2]) 

= L>Hom^6(j„odc')(Ci?[i - 2], Co) 
= Vi. 

Finally we have 

Hom^b(^odC')(C/j,FCo[i]) = Rom^bi^^^ac){^CR,Co[i + 2]). 

Since gl. dimC = 2, this vanishes for all i ^ {—2,-1,0}. For i = —1 it 
vanishes by assumption, and for z = — 2 we have liomjyb(^^^^Q'^{i'CR, Co) = 
by ©. □ 
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Remark. Note that 

The following lemma shows that jumping trenches (as introduced in Con- 
struction [STTS]) , or more generally passing from one local slice to another, 
are special cases of 2- APR tilting. 

Lemma 4.3. Let C be an iterated tilted algebra with gl. dimC = 2. We 

decompose C = (BaCa with Ca indecomposable. Let S C D^{m.odC) be a 
complete slice which does not contain any of the Ca- Then for 

Co= Ca and Cr= Ca 

{a\3 path {o-l^ path 

the assumptions of Definition \4. 1\ are satisfied. That is, we have Homc(Ci{, Co) = 
= Ext^(z.CR,Co). 

Proof. The first claim holds by construction, the second follows immediately 
from the fact that i'Cr = tCrII]. □ 

Assume now that C is tilted. Then C is obtained from the corresponding 
cluster-tilted algebra B = C \x Ext^(L'C, C) by factoring out the arrows in 
some admissible set S. 

The next proposition explicitly gives us the quiver of any generalized 2- 
APR tilt of C. 

Proposition 4.4. Let C = B/{S) be tilted, where B is the corresponding 
cluster-tilted algebra, and S is an admissible set. Assume Co <® C admits 
a 2-APR tilting complex. Then End£)6(inojc')(FCo ® C/j)°p is isomorphic to 
C = B/{S'), where 

S' = S \ {all arrows from Cq to Cr} U {all arrows from Cr to Co}. 

(Here "all arrows" refers to all arrows in the quiver of B.) 

Proof. We denote the indecomposable projective modules over C and C 
with simple top corresponding to vertex a by Ca and C^, respectively. More- 
over we write 

^ ^{FCa if Ca € add Co 
^'^ \Ca ifC, GaddCft. 

Then we have to show that Hom£,6(j^Q^(^)(Ca, C;,) = Homc/(C^, C^) for any 
a and h. 

By construction (see the proof of 14. 2p the morphisms inside Cq and the 
morphisms inside Cr are not affected by the tilt (and neither by our change 
of admissible set) , so the claim holds if either both or none of Ca and C;, are in 
add Co. Moreover we have seen that Hom£)6(-jjjo(j(^)(FCo, Ci?) = 0, and since 
all arrows from Cr to Co are contained in S' we have Homc/(C^, C^) = if 
Ca S addCo and Ch G addCij. Finally for Ca G addC/j and Ch G add Co 
we have 

(C„,Cb) = Ext^(z.C„C,) 
= HomB (CajCfo) 
= YLomc'{C'a,C',) 
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as claimed. □ 

Remark. Proposition 14.41 holds more generally for any finite dimensional 
algebra C of global dimension 2. In that case one uses B = TcEx.t^{DC, C), 
the tensor algebra of Ext^(L'C, C) over C. This algebra is the endomorphism 
ring of the image of B in the cluster category B, as defined by Amiot (see 

mm)- 

Example 4.5. Let us now look at what the construction of Lemma [4.31 and 
Proposition 14.41 does in the setup of the Example I3.12[ Recall that C was 
given by the quiver with relations 




1 



and the Auslander-Reiten quiver of its derived category looks as follows 
(continuing infinitely in both directions): 




We choose a complete slice not containing any of the Ca as indicated by 
the grey area above. Then, in the construction of Lemma 14.31 we obtain 
Co = C2 © C3 and Cr = Ci © C4 © Cs. Now the quiver with relations of 
End^.(^,dC)(FCo©C7^)°P is 



2 




1 



This follows from Proposition 14.41 It can also be verified by looking directly 
at the Auslander-Reiten quiver above. 

5. The algorithm 

In this section we put together the techniques developed in Sections [3] and 
H]to obtain an algorithm that, given a cluster-tilted algebra of finite type B, 
produces all maximal tilted subalgebras. 

For the rest of the section let B be the input to our algorithm, that is 
some fixed cluster-tilted algebra of Dynkin type. 

Step 1. Determine the distribution of the indecomposable direct summands 
of a cluster-tilting object T in a cluster category C with Endc(T)°P = B. 

Remark. We refer the reader to |B0OW| for a technique to find the distri- 
bution of a cluster-tilting object in the AR-quiver of the cluster category. 
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Step 2. Determine which indecomposable direct summands of T he in the 
same ceh. 

This can be done by directly applying the definition of the equivalence 
relation = (see Definition 13. lip . 

Step 3. Choose a local slice S such that r^S n addT = 0. 

Step 4. Determine a tilted admissible set S such that B/ Ann^ S = B/(S). 
Call this tilted algebra C. 

We can read off the tilted admissible set S from the AR-quiver of C 
as follows: S consists of arrows 6 — > a in the quiver Qb of B, such that 
Tl{Ta, Tfe) n S / (see Theorem [33] (b)). 

Step 5. Move S as far to the right as possible within its homotopy class. 

By Theorem 13.131 this step does not change the tilted algebra C, and 
hence neither the tilted admissible set S. 

Step 6. For any cell T which is a relative source with respect to E and such 
that T £ T~^S, jump the trench tT as in Construction [3TT51 We call the 
local slice obtained in this way S^. 

By Proposition 14.41 this amounts to the following: 

• Removing all arrows i ^ j, where Tj is in the cell T and Tj in some 
other cell, from the set S. 

• Adding all arrows i — > j in Qb, where Tj is in the cell T and Tj in 
some other cell, to the set S. 

Let Sf be the new tilted admissible set obtained in this way. Then Cf = 



Step 7. Apply the algorithm starting in Step [5] to the new tilted admissible 
sets and tilted algebras until no new maximal tilted subalgebras are obtained 
any more. 

Remark. We could also apply the procedure in the opposite direction (that 
is, move the local slice to the left). 

Example 5.1. Let B be the cluster-tilted algebra with the following quiver. 



B/{Sf) = B/AnuB ^f. 



2 



B: 



4 
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Step 1. Observe that the summands of the cluster-tilting object T having 
endomorphism ring B are distributed in the cluster category of as follows: 




Step 2. We see from the diagram above that the cells are Ti, T2 T3, and 
74 © Ts, and hence the trenches are rTi, TT2 © tT^, and tT^ © tT^. 

Step 3. We choose our first local slice Si as indicated in the figure above. 

Step 4. Since the only set which has non-empty intersection with Si is 
Tl{Ti,Ti) (this is the set indicated by the squares in the figure above), 
the corresponding tilted admissible set is {4 — > 1} and thus we obtain the 
maximal tilted subalgebra Ci, illustrated in the figure below. 




1 



Step 5. The local slice Si is already as far to the right as possible. 

Step 6. We note that the only relative source with respect to Si is T4 © T^. 
Jumping the corresponding trench we obtain the new tilted admissible set 
{2 ^ 4,3 ^ 4}. 

Step 7. See Figure [5TT] for all maximal tilted algebras obtained by repeatedly 
applying the last three steps. 

The following example shows that in Step O we have to follow the local 
slice. Some relative sources cannot be jumped. 

Example 5.2. Let Ci be the tilted algebra of type shown below. The 
cell corresponding to vertex 3 is a relative source. If we apply the 2-APR 
tilt at the indecomposable projective Ci-module at vertex 3 we obtain the 
algebra C2 which is iterated tilted of type A5 but not tilted. 




TILTED ALGEBRAS FROM CLUSTER-TILTED ALGEBRAS 17 




Figure 5.1: In this figure, the hght grey areas denote the equivalence class 
of the local slices shown in darker grey. To the right we show the cor- 
responding maximal tilted subalgebras. Observe that S2 = J^^^^^^Si, 
S3 = J~rp^^^rp^T,2 is homotopic to S3 and S4 = J^^Sg is homotopic to Si. 
Furthermore, [Si], [S2] and [S3] are all the equivalence classes of local slices 
in C \ add(TT) (or equivalently in modi?). 



6. Representation infinite cluster-tilted algebras 

In this section, we explain how the theory developed in Sections [3] to [5] can 
be generalized to find all the maximal tilted subalgebras of a cluster-tilted 
algebra B of infinite type. We assume that we know the distribution of the 
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direct summands of the cluster-tilting object in the AR-quiver of the cluster 
category. 

The main task is to generalize the results of Section [3] to this more general 
setup. 

First, observe that Theorem 13.51 holds for an arbitrary cluster tilted alge- 
bra. In this case, we might have multiple arrows between a pair of vertices. 
Let a : 6 ^ o be an arrow in an admissible tilted set S, and assume that 
there is another arrow /3 from b to a. We claim that /3 belongs to S. To 
see this, recall that by |Hul 2.4], only one of the spaces Ext^(S'a,5b) can 
be non-zero for i = 0,1,2, where Sa,Sb are the simple C-modules at the 
vertices a and b for the tilted algebra C = B/{S). Note that the arrow a in 
S corresponds to a minimal relation in Ext^(S'a,5fe) ^ 0. Therefore /? also 
corresponds to a minimal relation in the same space, and thus /? belongs to 
S. 

Second, notice that Proposition 13.71 relies only on Theorem 13.51 (b). and 
thus holds in this generality. 

We will generalize Definitions 13.101 and 13. 1 11 This is done for two reasons: 
First, to deal with the fact that, in general, there is a finite number of 
indecomposable objects lying in the connecting component of modi? that 
does not belong to any local slice (see [ABS21 22]). Second, to deal with the 
possible regular summands of the cluster-tilting object. 

The results of Section U] have been proven without assuming that the al- 
gebra is representation finite. Hence, with the alterations mentioned above, 
the algorithm works as presented in Section [5] in this more general setup. 

The change to the definition of homotopy of local slices is fairly straight 
forward. 

Definition 6.1. Let T be a cluster-tilting object in C, and B = Endc(T)°P. 
Let S and T,' be two local slices in mod-B. We say that S and S' are 
homotopic, if S ~ S' in the sense of Definition 13. 10^ or if C is infinite, T 
has no regular direct summands, and all direct summands of tT in the 
connecting component lie either at the same side of both S and S' or in 
between them. 

Remark. Note that the sufficiency part of Theorem 13.131 is also valid for this 
definition of "homotopic" . However, for the necessity part it remains to deal 
with the case when the cluster-tilting object has nonzero regular summands. 
Using the same notation as in Theorem 13. 131 assume T has nonzero regular 
summands and pick two local slices S ~ S' in modi?. The critical case is 
when either all summands of tT lie at the same side of both local slices or in 
between them. In any case, they both kill the same arrows from Qb- Thus 
the theorem remains valid under this setting. 

Now we change the definition of the equivalence relation =, and hence of 
cells and trenches, to fit this more general setup. 

Definition 6.2. Let ii be a hereditary algebra and T E modii a tilting 
module. For T' and T" indecomposable summands of T we write T' T" 
if at least one of 

Homi^(r',r") / V Homjy (tT', T") ^ V Hom// (T', t-T") ^ 
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holds. We denote by ^ the transitive hull of this relation. We write T' = T" 
if T' and T" are both regular, or T' T" -w T' . This is an equivalence 
relation. Note that induces a partial order on the equivalence classes. 
We use similar constructions in P = D^{m.odH). 

For T £ C cluster-tilting, and S a local slice with S n addrT = 0, we 
use the corresponding tilting module DKomc{T, S) over the hereditary al- 
gebra Endc(E)°P to obtain similar notions. For T' and T" indecomposable 
summands of T we write T' T" if L> Homc(r', S) -> DHomc(r",S). 
Similarly we obtain an equivalence relation =2. 

Remarks. 

(a) It appears as if our definition of the equivalence relation =s in C 
depends on the choice of S. We will see that this is not the case (see 
Corollary ES]). 

(b) Note that the set of complete slices in modH forms a lattice (i.e. is 
partially ordered and has suprema and infima - this is induced by 
comparing r-orbit-wise) . 

Next we prove some technical lemmas which will be useful for the rest of 
the section. 

Lemma 6.3. Let Ti © T2 be a tilting module over a hereditary algebra H , 
and S the smallest complete slice containing T\. Then addT2 Pi rS = 0. 

Proof. Assume that 7^ T' G addr2 fl rS. Since S is the smallest complete 
slice containing Ti, there is a non-zero morphism T' — > tTi. This means 
that 7^ Homj/(T', rTi) = £) Ext^(ri, T'), contradicting the fact that T is 
a tilting module. □ 

Lemma 6.4. Let T be a tilting module over a hereditary algebra H , T' € 
addr indecomposable non-regular. Then the equivalence class [T']x is con- 
tained in a complete slice. 

Proof. Since T' is non-regular, it is contained in some complete slice. Let 
S be maximal such that {T'} C 5 C [T']jr , with S contained in a complete 

slice. Assume T" G \T']t_ \ S. By Lemma 16.31 and the definition of the 
object T" cannot lie properly to the left of the minimal slice containing S", 
and dually it cannot lie to the right of the maximal slice containing S. Hence 
there is a complete slice containing S and T" . □ 

The following proposition follows immediately from Lemma l6.4[ looking 
at the projection T> ^ C. 

Proposition 6.5. Let T be cluster-tilting in C, and S some local slice with 
Sn addrT = 0. Let T' G addT be indecomposable non-regular. Then [^'1^^, 
is contained in some local slice. 

The next corollary shows that summands of a cluster-tilting object, which 
are equivalent with respect to =x;, can be lifted to the derived category in 
such a way that they remain equivalent. 

Corollary 6.6. Let T be cluster-tilting in C, and S some local slice with 
Snadd tT = 0. LetTo G addT be indecomposable non-regular, and [TQ]r_ = 
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{Tq, . . . , T,.}. Then we can find preimages {Tq', . . . , T^} in V which lie in 
one complete slice. 
In particular 



and Tf for any i,j. 

In order to obtain all maximal tilted subalgebras, we must make sure that 
there is no slice cutting through our cells. 

Lemma 6.7. Let S be a subset of some complete slice in T>, such that 
T' T" for any T',T" € S. Let T, be a complete slice with S n tS = 0. 
Then either all of tS lie to the left or all of tS lie to the right ofTi. 

Proof. We may assume that S has some element which lies to the right of 
r~S. By definition of and the fact that 5" PI r~S = 0, then all elements 
of S lie to the right of r~S. □ 

Next we show that going down from the derived category to the cluster 
category is compatible with our equivalences. 

Lemma 6.8. Let S he a subset of some complete slice in T>, such that 
T' T" for any T', T" € S. Let T, be a local slice in C with S H Tpr(S') = 
(here pi: V ^ C is the projection functor). Then pr(T') pr(r") for any 
T',T" G S. 

Proof Assume T' ^ T", but pr(r') />s pr(T"). If Hom7,(r',T") ^ 0, 
then by Lemma [6771 we have }iomc^(^^~Y.^{pi[{T'),pv(T")) ^ 0, contradicting 
our assumption. Hence we may assume Hom25(rT', T") ^ 0, and any map 
tT' — > T" factors through t~Y! for some complete slice S' with pr(S') = S. 
By Lemma 16.71 all of S lies to the right of r^S', and tT' G t^YJ . Similarly 
Homc/(^-s)(pr(r'),pr(T-r")) = implies t'T" G t^FS'. But then T" G 
r~S'[l], and hence Homx)(TT', T") = 0, contradicting our assumption. □ 

We now have all ingredients needed to prove that the definition of the 
equivalence relation =s is independent of the chosen local slice S. 

Corollary 6.9. Let T he cluster-tilting in C. Then =2 is independent of 
the choice of local slice S with S n add rT = 0. 

We will therefore from now on only write =. 

Proof. We have seen in CoroUarv 16. 61 that summands equivalent with respect 
to one slice can be lifted to equivalent objects in the derived category. Then 
by Lemma 16.81 thev are also equivalent with respect to any other local slice. 



Homi,(i;^,r/') 

YLouiviTTj" ,Tf) 
BomviT^, t-tJ") 



Romc{Ti,Tj), 
Home (rTj ,Tj), and 
RomciTi,T~Tj), 



□ 



Now one makes sure that maps inside the cell are not affected by the 
choice of local slice. 
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Proposition 6.10. Let T he cluster-tilting in C. For any local slice S with 
E n add tT = and any T' = T" we have 

{Homc(r',T") ifT' non-regular 
""T^^''"^? M ^!T' regular, 
I maps jactormg through\ ■> , 
V non-regular objects J 

where H = Endc(S)°P, f ' = L>Homc(r', S), and f" = DRomdT", S). 
In particular it is independent ofE. 

Proof. Note that 

Homc(T',r") 



HoniH (T',T") 



(maps factoring 
through T~S 



The claim for T' and T" regular follows immediately, since any map between 
them factors through the non-regular component if and only if it factors 
through any local slice. 

For T' and T" non-regular the claim follows from Corollary 16.61 and 
Lemma 16.71 □ 

Let Q be a tree-quiver (that is a quiver without cycles, but possibly with 
multiple edges) and C the cluster category of the path algebra KQ. For any 
cluster-tilting object T in C, we say that Endc(T')°P is a cluster-tilted algebra 
of tree-type ([ABS2, §4]). The next proposition assures that Definition 13.111 
and Definition 16.21 are equivalent for cluster-tilted algebras of tree-type. 

Proposition 6.11. Assume C of tree-type, T cluster-tilting, andT',T" in- 
decomposable non-regular. Then T' = T" if and only if T' = T" , with = as 
defined in Section\^ 

Proof. It is easy to see that T' = T" implies T' = T" . 

For the converse, note that since C is of tree-type, so is any local slice. In 
particular, by Proposition 16. 5t the set \T']t_ is contained in a local slice of 

tree- type. We may assume that T' = T", and there is no element of \T'\z. 
in this local slice between them. It is easy to see that this can only happen 
if T' e T" £ add(TX e ® X) for some AR-triangle tX ^ ^X ^ X ^ 
in C. Hence T' = T". □ 

Now we are ready to jump trenches. 

Assume T € C is cluster-tilting and S a local slice with S n add tT = 0. 
There are two different cases: 

(a) There are no summands of T in the connecting component to the 
right of r~S. In case there are also no regular direct summands of 
T, the local slice S is homotopic to any local slice S' such that there 
are no direct summands of T left of (or in) r~5]' (see Definition 16. ip . 
We proceed using this local slice. 

In case there is at least one regular direct summand T' of T 
the trench r[r']x = {tT' \ T' regular summand of T} is the one 
to jump. That is, we also replace E by S' as above, but they are 
not homotopic, and, on the level of tilted algebras, we apply the 
generalized 2- APR tilt associated with [T'Jt^. 
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(b) There is some direct summand of T finitely many steps to the right of 
S (equivalently, Z)Homc(T, S) has a preprojective direct summand). 
We may assume S to be as far to the right as possible inside its 
homotopy class. Then any source of S is of the form r^T' for some 
T' G addT. For any X € r~^S there is a non-zero map T — s- tX, 
and hence X addT. In particular, any equivalence class [T']t_ 

with T' G r^^S must be contained in r^^S. Among these classes, 
choose [T']t_ minimal with respect to -^s. We let S be a local slice 

containing and such that all sinks of S lie in [T']^. Choose 

the slice E' r-orbit wise by 

Y.' = f if So G {t^T,o,t^'^T.o} 

° \ So otherwise 

That is, we take S' = S if the slices S and S don't intersect, and 
otherwise we choose the rightmost points of S and S r-orbit wise. 

We now check that S' is a "legal" slice, that is that S'fiadd tT = 0. 
Assume S' fi add rT ^ 0, say tT" G S'. Then clearly tT" G S, and 
T" G T-^S. By the first property we have Hom(Tr", [T'] r ) / 0, 
which, together with the second property, contradicts the minimality 
in our choice of T' . Hence S' fi add rT = 0. 

Now clearly replacing S by S' jumps the trench t\T']2^, and it 
remains to see that no other trenches are jumped. Let T" G addT \ 
[T']^ be indecomposable. If T" r^^S then the trench T[T"]jr 

cannot be affected by our jump. If T" G r-^s, then, by choice of 
T', we have Hom (T",T') = 0. Hence T" is not in S, and thus tT" 
is not in rS. But the space between S and S' is contained in rS, 
hence the trench T[T"]jr cannot have been jumped. 

We illustrate the procedure above with an example. 

Example 6.12. Let B be the cluster-tilted algebra of type •dJ'CiJ* with 
quiver as depicted below. 




(This is obtained from the hereditary algebra by mutating at the center ver- 
tex.) Then the homotopy classes of local slices look as depicted in Figure EH 
We see that there are three maximal tilted subalgebras: 



2. 2^ 2 




Remark. Note that in the representation infinite case there could be less 
maximal tilted subalgebras than one might expect. In case B is the endo- 
morphism ring of a regular cluster-tilting object it only has one maximal 
tilted subalgebra. 
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Figure 6.1: The two homotopy classes of local slices for the cluster-tilted 
algebra of Example 16.121 The light grey areas mark the homotopy classes 
of local slices, the darker grey marks the rightmost (upper picture), only 
(middle picture), and leftmost (lower picture) local slices in their homotopy 
class. Note that T2 is regular, and hence not to be seen in the picture of the 
connecting component. 
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